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Abstract
The aim of this paper is to develop the theory for definable f -generic groups in the
p-adic field within the framework of definable topological dynamics, here the “definable
f-generic” means a definable group admits a global f-generic type which is definable over
a small submodel. This “definable f -generic” is a dual concept to “finitely satisfiable
generic”, and a useful tool to describe the analogue of torsion free o-minimal groups in the
p-adic context.
In this paper we will show that every definable f -generic group definable in Qp is
eventually isomorphic to a finite index subgroup of a trigonalizable algebraic group over
Qp. This is analogous to the o-minimal context, where every connected torsion free group
definable in R is isomorphic to a trigonalizable algebraic group (Lemma 3.4, [2]). We will
also show that every open definable f -generic subgroup of a definable f -generic group has
finite index, and every f -generic type of a definable f -generic group is almost periodic,
which gives a positive answer on the problem raised in [13] of whether f -generic types
coincide with almost periodic types in the p-adic case.
1 Introduction
In the recent years there has been growing interest in the interaction between topological
dynamics and model theory. This approach was introduced by Newelski [14], then developed
by a number papers, include [15], [19], [12], [18] and [13], and now called definable topological
dynamics. Definable topological dynamics studies the action of a group G definable in a
structure M on its type space SG(M) and tries to link the invariants suggested by topological
dynamics (e.g enveloping semigroups, minimal subflows, Ellis groups...) with model-theoretic
invariants.
This framework allows us to generalize the stable group theory to some unstable groups
with tame behaviour. With the assumption that the theory T has NIP , the class of definably
amenable groups is a reasonable choice for the class of stable-like groups in NIP context since
Newelski’s conjecture [14] holds. Namely, G00 exists and G/G00 is isomorphic to its Ellis group
(see [12]), which is the space global generic types and isomorphic to G/G00 when G is stable.
As generic types may not always exists in NIP environment, other notations were in-
troduced to describe the generic-like formulas and types. The notation of f -generic was first
introduced in [20] and then slightly modified in [12]. Let M be a saturated model, G ⊆ Mn a
definable group. A definable subset (or formula) X ⊆ G (definable over M) is said to be f -
generic if for every g ∈ G, the left translate gX does not fork overM . A global type p ∈ SG(M)
is f -generic if every formula in p is f -generic. A global f -generic type p is strongly f -generic
if it every G-translate of p is M -invariant for some fixed small submodel M .
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One of the nice observation in [12] was that an NIP group is definable amenable if and
only if it admits a strongly global f -generic type. Now there are two extreme case for a strongly
global f -generic type p in NIP environment:
(i) p is finitely satisfiable in some fixed small model M , and we call p a finitely satisfiable
f -generic, abbreviated as fsg.
(ii) p is definable over some fixed small model M , and we call p a definable f -generic,
abbreviated as dfg.
A definable group G is said to be a fsg group if it admits a global fsg type, and a dfg group
if it admits a global dfg type. A definable group G is said to be extremely definably amenable
if it has fsg or dfg.
In [21], Hrushovski, Peterzil, and Pillay proved that fsg groups coincide with definably
compact groups in an o-minimal expansion of real closed field. Moreover, in [10], Onshuus and
Pillay proved that it is also true for groups definable in Qp. The above results say that the
model-theoretic concept of fsg is able to describe the topological concept of “compactness”
in o-minimal and p-adic context.
On the other side, Conversano and Pillay showed that a group H definable in an o-minimal
expansion of RCF is torsion free if and only if it has dfg. Since “torsion free” means “totally
noncompact” for real Lie groups, it seems that dfg means totally “non-fsg” in o-minimal
context. The observation is also witnessed by the following facts:
Fact 1.1. [28] Th(Qp) and o-minimal theories are distal.
It means that global definable types and global finitely satisfiable types are weakly orthog-
onal. We naturally ask the following question:
Question 1. Are dfg groups exactly “totally noncompact” groups in the p-adic context?
The aim of the paper is to answer this question. Our first result is structure theorem for
dfg groups over Qp, which gives a positive answer to the Question 1.
Theorem 1. Let G be a group definable over Qp with dfg, then there is a normal sequence
G0 ⊳ ... ⊳ Gi ⊳ Gi+1 ⊳ ... ⊳ Gn
such that G0 is finite, Gn is a finite index subgroup of G, and each Gi+1/Gi is definably
isomorphic to either the additive group Ga, or a finite index subgroup of the multiplicative
group Gm.
As a consequence, using a recent result in [31], we could prove the following conjecture
raised in [13]
Conjecture 1. [13] Let G be a dfg group definable in a NIP structure. Then any global
f-generic type is almost periodic.
The following theorem gives a positive answer to Conjecture 1 in the p-adic case.
Theorem 2. Suppose that G is a dfg group over Qp. Then every global f -generic type of G
is almost periodic.
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The paper is organized as follows. In the rest of this introduction we will recall precise
notations, definitions and results from earlier papers, relevant to our results. In section 2.1, we
will prove some general results for the dfg and fdg groups. In Section 2.2, we will characterise
the one dimensional dfg groups over Qp. Section 2.3 contains the key lemmas of the paper,
where we proved that every algebraic group containing an open dfg subgroup is triginalizable.
In section 2.4, we prove a structure theorem for an arbitrary dfg groups over Qp, showing
every dfg group is eventually trigonalizable over Qp, and concluding every global f -generic
type of a dfg group is almost periodic.
1.1 Notations
We will assume a basic knowledge of model theory. Good references are [29] and [17]. Let T
be a complete theory with infinite models. Its language is L and M is the monster model, in
which every type over a small subset A ⊆ M is realized, where “small” means |A| < |M|. By
x, y, z we mean arbitrary n-variables and a, b, c ∈ M the n-tuples in Mn with n ∈ N. Every
formula is an LM-formula. For an LM -formula φ(x), φ(M) denotes the definable subset of
M |x| defined by φ, and a set X ⊆ Mn is definable if there is an LM -formula φ(x) such that
X = φ(M). If X¯ ⊆Mn is definable, defined with parameters from M , then X¯(M) will denote
X¯ ∩Mn, the realizations from M , which is clearly a definable subset of Mn. Suppose that
X ⊆ Mn is a definable set, defined with parameters from M , then we write SX(M) for the
space of complete types concentrating on X(M). We use freely basic notions of model theory
such as definable type, heir, coheir, .... The book [29] is a possible source.
1.2 Topological dynamics
Our reference for (abstract) topological dynamics is [1].
Given a (Hausdorff) topological group G, by a G flow mean a continuous action G×X →
X of G on a compact (Hausdorff) topological space X. We sometimes write the flow as
(X,G). Often it is assumed that there is a dense orbit, and sometimes a G-flow (X,G) with
a distinguished point x ∈ X whose orbit is dense is called a G-ambit.
In spite of p-adic algebraic groups being nondiscrete topological groups, we will be treating
them as discrete groups so as to have their actions on type spaces being continuous. So in this
background section we may assume G to be a discrete group, in which case a G-flow is simply
an action of G by homeomorphisms on a compact space X.
By a subflow of (X,G) we mean a closed G-invariant subspace Y of X (together with the
action of G on Y ). (X,G) will always have minimal nonempty subflows. A point x ∈ X is
almost periodic if the closure of its orbit is a minimal subflow.
Let (X,G) and (Y,G) be flows (with the same acting group). A homomorphism from X
to Y is a continuous map f : X −→ Y such that f(gx) = gf(x) for all g ∈ G and x ∈ X.
Fact 1.2. Let (X,G) and (Y,G) be flows, f : X −→ Y a homomorphism. Then
(i) If X0 is an minimal subflow of X, then Y0 = f(X0) is a minimal subflow of Y.
(ii) If Y is a minimal flow, then f is onto.
1.3 Definably amenable groups
Let T be any first-order theroy, M |= T a very saturated model, and G ⊆ Mn is a group
∅-definable in M defined by the formula G(x). For any M ≺M, G(M) = {g ∈Mn|g ∈ G} is a
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subgroup of G. By SG(M), we mean the space of all complete types over M concentrating on
G(x). It is easy to see that SG(M) is a G(M)-flow with a dense orbit {tp(g/M)| g ∈ G(M)}.
From now on, we will, through out this paper, assume that every formula φ(x) ∈ SG(M), with
parameters in M, is contained in G(x), namely, the subset φ(M) defined by φ is contained in
G. Suppose that φ ∈ SG(M) is an LM -formula and g ∈ G(M), then the left translate gφ(x) is
defined to be φ(g−1x). It is easy to check that (gφ)(M) = gX with X = φ(M).
Definition 1.3. Let notations be as above.
• A definable subset X ⊆ G is generic if finitely many left translates of X covers G.
Namely, there are g1, ..., gn ∈ G such that G = ∪1≤i≤ngiX.
• A definable subset X ⊆ G is weakly generic if there is a non-generic definable subset Y
such that X ∪ Y is generic.
• A definable subset X ⊆ G is f -generic if for some/any model M over which X is defined
and any g ∈ G, gX does not divide over M . Namely, for any M -indiscernible sequence
(gi : i < ω), with g = g0, {giX : i < ω} is consistent.
• A formula φ(x) is generic if the definable set φ(M) is generic. Similarly for weakly
generic and f -generic formulas.
• A type p ∈ SG(M) is generic if every formula φ(x) ∈ p is generic. Similarly for weakly
generic and f -generic types.
• A type p ∈ SG(M) is almost periodic if p is an almost periodic point of the G(M)-flow
SG(M).
• A global type p ∈ SG(M) is strongly f -generic over a small model M if every left G(M)-
translate of p does not fork over M . A global type p ∈ SG(M) is strongly f -generic it it
is strongly f -generic over some small model.
Fact 1.4. [14] Let AP ⊆ SG(M) be the space of almost periodic types, and WG ⊆ SG(M) the
space of weakly generic types. Then WG = cl(AP ).
Recall that a type definable over A subgroup H ≤ G has bounded index if |G/H| <
2|T |+|A|. For groups definable in NIP structures, the smallest type-definable subgroup G00
exist (See [16]). Namely, the intersection of all type-definable subgroup of bounded index
still has bounded index. We call G00 the type-definable connected component of G. Another
model theoretic invariant is G0, called the definable-connected of G, which is the intersection
all definable subgroup of G of finite index. Clearly, G00 ≤ G0.
Recall also that a Keisler measure over M on X, with X a definable subset of Mn, is a
finitely additive measure on the Boolean algebra of M -definable subsets of X. When we take
the monster model, i.e. M = M, we call it a global Keisler measure. A definable group G
is said to be definably amenable if it admits a global (left) G-invariant probability Keisler
measure.
The following Facts will be used later.
Fact 1.5. [12] Let G be a group definable in a saturated NIP structure M. Then
(i) G is definably amenable if and only if it admits a global type p ∈ SG(M) with bounded
G-orbit.
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(ii) G is definably amenable if and only if it admits a strongly f -generic type.
Moreover,
Fact 1.6. [12] Let G be a group definable in a saturated NIP structure M. Then
(i) G admits a strongly f -generic type p ∈ SG(M).
(ii) Weakly generic definable subsets, formulas, and types coincide with f -generic definable
subsets, formulas, and types, respectively
(iii) p ∈ SG(M) is f -generic if and only if it has bounded G-orbit.
(iv) p ∈ SG(M) is f -generic if and only if it is G
00-invariant.
(v) A type-definable subgroup H fixing a global f -generic type is exactly G00
(vi) G/G00 is isomorphic to the Ellis subgroup of SG(M) for any M ≺M.
Remark 1.7. Note that Theorem 1.6 (vi) gives a positive answer for Ellis group conjecture
asked first by Newelski [14] and then formulated precisely by Pillay [15], which makes it rea-
sonable to consider definably amenable groups as the “stable-like” groups in NIP environment.
1.4 Groups definable in (Qp,+,×, 0, 1)
We first give our notations for p-adics. By the p-adics, we mean the field of p-adic numbers
Qp. M denotes the structure (Qp,+,×, 0, 1), Q
∗
p = Qp\{0} is the multiplicative group. Z is
the ordered additive group of integers, the value group of Qp. The group homomorphism ν :
Q∗p −→ Z is the valuation map.M denotes a very saturated elementary extension (K,+,×, 0, 1)
of M . Γ denotes the value group of K. Similarly, K∗ = Qp\{0} is the multiplicative group. We
sometimes write Qp for M and K for M.
For convenience, we use Ga and Gm denote the additive group and multiplicative group of
field M respectively. So Ga(M) (or Ga(Qp)) and Gm(M) (or Gm(Qp)) are (Qp,+) and (Q
∗
p,×)
respectively.
We will be referring a lot to the comprehensive survey in [3] for the basic model theory
of the p-adics. A key point is Macintyre’s theorem [4] that Th(Qp,+,×, 0, 1) has quantifier
elimination in the language where we add predicates Pn(x) for the n-th powers for each n ∈ N
+.
Moreover the valuation is quantifier-free definable in Macintyre’s language, in particular is
definable in the language of rings (see Section 3.2 of [3]). So definable subsets of Kn will also
be called semialgebraic sets. The ring of p-adic integers (valuation ring)
Zp = {x ∈ Qp| x = 0 ∨ ν(x) ≥ 0}
is a definable subset of Qp in Macintyre’s language. We add new predicates O(x) for the
valuation ring and O×(x) for the elements with valuation 0. So O(M) = O(Qp) = Zp and
O×(M) = O×(Qp) = {x ∈ Qp|ν(x) = 0}.
The valuation map ν endows an absolute valuation | | on Qp: for each x ∈ Qp, |x| = p
−ν(x)
if x ≤ 0 and |x| = 0 otherwise. The absolute valuation makes p-adic field Qp a locally compact
topological field, with basis given by the sets ν(x− a) ≥ n for a ∈ Qp and n ∈ Z.
Let N = (K,+,×, 0) ≺ M be an elementary extension of M . For any definable X ⊆ Kn,
the “topological dimension”, denoted by dim(X), is the greatest k ≤ n such that the image of
X under some projection fromKn to Km contains an open subset of Km, which coincides with
the algebraic geometric dimension of its Zariski closure. Moreover, model-theoretic algebraic
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closure coincides with field-theoretic algebraic closure, making K a pregeometry structure. So
every tuple a¯ ∈ Kn has an algebraic dimension over a subset A, denoted by dim(a¯/A). We
can calculate the topological dimension of a definable set X ⊆ Kn via its maximal algebraic
dimension. More precisely, If X is A-definable, then dim(X) = max{dim(a¯/A)| a¯ ∈ X(M)}.
By a definable manifold X ⊆ Kn over a subset A ⊆ K, we mean a topological space X
with a covering by finitely many open subsets U1, ..., Um, and homeomorphisms of Ui with
some definable open Vi ⊆ K
n for i = 1, ...,m, such that the transition maps are A-definable
and continuous. If the transition maps are Ck, then we call X a definable Ck manifold over
K of dimension n. A group G ⊆ Kn definable over A ⊆ K is a definable subset of subset of
Kn and with group operation that is definable. A definable group G ⊆ Kn can be equipped
uniquely with the structure of a definable manifold over K such that the group operation is
C∞ (see [5] and [10]).
Recall that a definable manifold X over K is definably compact, if for any definable con-
tinuous function f : O(K)\{0} −→ X, the limit lim
x→0
f(x) exists in X. Definable compactness
agrees with compactness if K is Qp. A definable subset of K
n with the induced topology is
definably compact if and only if it is closed and bounded.
Let G ⊆ Kn be a group definable over Qp. Then G(Qp) is definably equipped with the
structure of a p-adic Lie group. Note that any p-adic Lie group contains a open compact
subgroup, and any open compact subgroup of a definable p-adic Lie group is Qp-definable. So
there is C ≤ G such that dim(C) = dim(G), C is Qp-definable, and C(Qp) is compact.
Let C ⊆ Kn be a definably compact group over Qp. Then we have a standard part map
st : C −→ C(Qp). The kernal of st is precisely the group of infinitesimals of C and coincides
with the intersection of all Qp-definable subgroups of C of finite index.
The following Facts will be used later.
Fact 1.8. [10] Let C ⊆ Kn be a group definable over Qp.
(i) If C definably compact, then C00 = C0 coincides with Ker(st), and st induces a homeo-
morphism between C/C0 (with its logic topology) and the p-adic Lie group C(Qp).
(i) C is definably compact iff C has fsg.
Fact 1.9. [27] If G is an one dimensional group definable over Qp, then G is abelian-by-finite,
hence definably amenable.
1.5 Definable Groups and Quotient Groups
Suppose that G ⊆ Qnp is an algebraic group over Qp. Then, by definition, there is an Qp-
definable algebraic group G¯ ⊆ Qalgp
n
, such that G = G¯ ∩ Qnp , where Q
alg
p is the algebraic
closure of Qp. As ACF0 has quantifier elimination, we may assume that G¯ is defined by some
quantifier-free formula φ(x) in the language of rings, with parameters from Qp. Since Qp is a
substructure of Qalgp in the language of rings, we see that G is also defined by φ(x).
For any algebraic groups G,H ⊆ Qnp over Qp, let φ(x), ψ(x) be the quantifier-free formulas
which define G and H respectively. If H¯ = ψ(Qalgp ) is a subgroup of G¯ = φ(Q
alg
p ), then G¯/H¯
is a definable object in Qalgp since ACF0 has elimination of imaginary. Again by quantifier
elimination of ACF0, in the language of rings, we can find a quantifier-free Qp-definable set
Y¯ and quantifier-free Qp-definable map f¯ : G¯ −→ Y¯ such that f¯ is constant on each coset of
H¯. Since all these stuffs are quantifier-free Qp-definable in the language of rings, we see that
both Y = Y¯ ∩ Qmp and the restriction f = f¯ |G of f¯ are definable over Qp. So the quotient
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space G/H is a definable object over Qp, with an induced manifold structure definable over
Qp. In particular, if H is a normal subgroup of G, then we can consider G/H as a definable
group in Qp, and the canonical projection pi : G −→ G/H is a definable onto homomorphism
(as topological groups).
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2 Main Results
2.1 fsg groups and dfg groups over Qp
The main results of this paper are based on Theorem 2.19 [22], which generates the Theorem
A in [6]. By the Proposition 3.1 in [6], Theorem 2.19 in [22] can be refined in the p-adic case
as follows :
Fact 2.1. Let G ⊆ Mn be a definably amenable group definable over Qp. Then there is an
algebraic group H ⊆ Mm definable over Qp and a definable finite-to-one Qp-definable group
homomorphism from G00 to H.
Lemma 2.2. Let G be a definably amenable group over Qp such that G
00 = G0. Then there is
a finite index subgroup A ≤ G(Qp) and a finite subgroup A0 ⊆ A such that A/A0 is isomorphic
to an open subgroup of an algebraic group.
Proof. By Fact 2.1, there is an algebraic group H ober Qp and a definable finite-to-one group
homomorphism from G00 to H. Since G00 = G0, by compactness, there is Qp-definable finite
index subgroup A ≤ G and a Qp-definable finite-to-one group homomorphism f from A(Qp)
to H(Qp). Let H0(Qp) be the Zariski closure of im(f) in H(Qp), then H0(Qp) is an algebraic
group over Qp and im(f) is open in H0(Qp).
Fact 2.3. [13] Assuming NIP. If a definable group G has dfg, then G00 = G0.
Corollary 2.4. Let G be a Qp-definable group with fsg or dfg. Then there is a finite index
subgroup A ≤ G(Qp) and a finite subgroup A0 ⊆ A such that A/A0 is isomorphic to a definable
open subgroup of an algebraic group H.
Proof. By Fact 1.8, Fact 2.3, and Lemma 2.2.
2.2 One-dimensional dfg groups over Qp
Recall that the dp-rank of a partial type pi(x) over A is ≥ k if there are a |= pi(x) and
k sequence (Ik)i < k mutually indiscernible over A and none of which is indiscernible over
Aa. Dp-mimimal theories are theories in which all 1-types have dp-rank 1. Every dp-minimal
theory has NIP.
Fact 2.5. [9] Th(Qp) is dp-minimal.
Fact 2.6. [7] Assume that T has NIP. Let N |= T be a small model. If p is an N -invariant
global type of dp-rank 1, then p is either finite satisfiable in N or definable over N .
Fact 2.7. [7] Assume that T is dp-minimal, and acl satisfies exchange. Then dp-rank coincides
with the acl-dimension.
Fact 2.8. [11] Assume that T has NIP. Then a global complete type does not fork over a small
submodel M iff it is M -invariant.
Lemma 2.9. Let G be a Qp-definable group of dimension 1. Then G is either dfg or fsg.
Proof. By Fact 1.9, G is definably amenable. By Fact 1.6, G admits a strongly f−generic
type. Let p ∈ SG(K) be a global strongly f -generic type. There is a small submode M such
that every left translate of p does not fork over M , and hence M -invariant by Fact 2.8. By
Fact 2.5 and Fact 2.7, p is either definable over M or finitely satisfiable in M . So G is either
dfg or fsg.
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Recall the notion of generically stable type from [11]: an global type p is generically stable
if it is both definable and finitely satisfiable in some small model.
Fact 2.10. [8] Let p ∈ S(K) be a non-algebraic global type. Then p is not generically stable.
By Fact 2.10, and Fact 1.8 we conclude directly that
Corollary 2.11. If G is a Qp-definable group which has dfg. The G is NOT definably compact.
Fact 2.12. [26] The complete 1-types over M (or Qp) are precisely the following:
(i) The realized types tp(a/M) for each a ∈ Qp.
(ii) For each a ∈ Qp and coset C of G
0
m, the type pa,C saying that x is infinitesimally close
to a (i.e. ν(x− a) > n for each n ∈ N), and (x− a) ∈ C.
(iii) For each coset C as above the type p∞,C saying that x ∈ C and ν(x) < n for all n ∈ Z.
(iv) A global type of Ga if f -generic iff it is an heir of some p∞,C.
(v) A global type of Gm if f -generic iff it is an heir of some p∞,C or p0,C .
Remark 2.13. (i) Let q(x) ∈ S1(K) be a ∅-definable 1-type. By Fact 2.12, we see that if q
is NOT infinitesimally close to any point of Qp over Qp, then q is a global heir of some
p∞,C.
(ii) Conversely, any global 1-type consistent with the partial type ν(x) < Γ is an heir of some
p∞,C, and hence Qp-definable.
Lemma 2.14. Suppose that G ⊆ Mn is an one dimensional group definable over Qp. Let
f : Zp\{0} −→ G(Qp) be a definable continuous function such that lim
x→0
f(x) /∈ G(Qp), and
α ∈ K¯ ≻ K such that ν(α) > Γ. Then tp(f(α)/K) is a global definable f -generic type of G.
Proof. It is easy to see that tp(α/K) is ∅-definable. Since lim
x→0
f(x) /∈ G(Qp), f(α) is not
infinitesimal close to any point of G(Qp) over Qp. Moreover, since G(Qp) has a definable
manifold structure, for any g ∈ G(Qp), gf(α) is not infinitesimal close to any point of G(Qp)
over Qp.
By Lemma 2.2, let H(Qp) be an one dimensional algebraic group, U(Qp) ≤ G(Qp) a
finite index subgroup, and pi : U(Qp) −→ H(Qp) a definable finite-to-one homomorphism.
Let V (Qp) = pi(U(Qp)). Since U(Qp) is generic, we may assume that f(α) ∈ U(K¯). Let
β = pi(f(α)). Then, for any g ∈ V (Qp), gβ is not infinitesimal close to any point of V (Qp)
over Qp.
Claim. β is not infinitesimal close to any point of H(Qp).
Proof. As any open subgroup is clopen, we see that V (Qp) is a clopen subgroup of H(Qp).
Now suppose for a contradiction that β is infinitesimal close to h ∈ H(Qp) over Qp. Then
h ∈ cl(V (Qp)) = V (Qp). A contradiction.
Now H(Qp) is an algebraic group. So H(Qp) is definably isomorphic to (Qp,+), or (Q
∗
p,×),
or a definably compact group C(Qp) (which is either an anisotropic group or an elliptic curve).
But any point in C(K¯) is infinitesimal close to its standard part in C(Qp) over Qp. So H(Qp)
is isomorphic to (Qp,+), or (Q
∗
p,×).
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As β is not infinitesimal close to any point of H(Qp), and tp(β/K) is definable over ∅, we
conclude by Remark 2.13 that tp(tp(β/K)) is a global definable f -generic type of H. So the
V (K)-orbit of tp(β/K) is bounded. Since pi : U(K) −→ V (K) is a finite-to-one homomorphism,
the U(K)-orbit of tp(f(α)/K) is bounded. This implies that tp(f(α)/K) is a global f -generic
type of G.
Proposition 2.15. Let G ⊆ Mn be an one dimensional Qp-definable group. If H ⊆ G is an
open dfg subgroup of G definable over Qp. Then H has finite index.
Proof. By Corollary 2.11, there is a definable continuous function f : Zp\{0} → H(Qp) such
that lim
x→0
f(x) /∈ H(Qp). Moreover, we claim that
Claim. There is a definable continuous function f : Zp\{0} → H(Qp) such that lim
x→0
f(x) /∈
G(Qp).
Proof. Suppose NOT. Then H(Qp) = cl(H(Qp)) is definably compact. This contradicts to
Corollary Fact 2.11.
Let f be a definable continuous function f : Zp\{0} → H(Qp) such that lim
x→0
f(x) /∈ G(Qp),
and α ∈ K¯ ≻ K such that v(α) > Γ. By Proposition 2.14, tp(f(α)/K) is a global definable
f -generic type of both G and H. Now tp(f(α)/K) ∈ SH(K) is G
00-invariant. So G00 ⊆ H. By
compactness, H has finite index.
Corollary 2.16. Let G(M) be an one dimensional dfg group definable over Qp. Then G
00 =
∩n∈N+nG.
Proof. By Fact 1.9, we may assume that G is commutative. Consider the map fn : G −→ nG
given by x 7→ nx. Let tp(α/K) ∈ SG(K) be a definable f -generic type. Then there is a small
submodel M ≺ K such that every left nG-translate of tp(nα/K) definable over M . So nG is
a dfg group. By Proposition 2.15, nG has finite index for each n ∈ N+. On the other side, if
H ≤ G is a definable subgroup of index n with n ∈ N+. Then nG ≤ H. So G0 = ∩n∈N+nG.
By Fact 2.3, we have G00 = ∩n∈N+nG as required.
We say that a definable group is definably connected if it has no proper finitely index de-
finable subgroups. A definable group G is definably totally disconnected if every finitely index
definable subgroup of G is NOT definably connected. Namely, definably totally disconnected
group has no minimal finitely index definable subgroups.
Note that Ga is definably connected since G
0
a = Ga, while Gm is definably totally discon-
nected since G0m =
⋂
n∈N+ Pn(K
∗) (see [26]).
Proposition 2.17. Let G ⊆Mn be an one dimensional dfg group definable over Qp.
1. If G(Qp) is definably connected. Then there is a finite subgroup A0 such that G(Qp)/A0
is definably isomorphic to (Qp,+);
2. If G(Qp) is definably totally disconnected. Then there is a definable subgroup A ≤ G
of finite index, and a finite subgroup A0 ≤ H(Qp) such that A(Qp)/A0 is definably
isomorphic to (Pn(Q
∗
p),×)
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Proof. Then by Lemma 2.2, there is a is an algebraic group H and a definable finite-to-
one group homomorphism from A(Qp) to H(Qp), where A ≤ G is a finite index subgroup
definable over Qp. Clearly, A has dfg. Let tp(α/K) be a global definable f -generic type of
A, then tp(f(α)/K) is also a global definable f -generic type of im(f). As im(f) has dfg,
im(f) ≤ H has finite index by Proposition 2.15. So H(Qp) is dfg, and hence is either (Qp,+)
or (Q∗p,×).
If G(Qp) is definably connected. Then im(f) is definably connected. So H(Qp) has to be
(Qp,+), and hence is im(f).
IfG(Qp) is totally disconnected, then im(f) is also totally disconnected. SoH(Qp) has to be
(Q∗p,×), and hence im(f) is contains (Pn(Q
∗
p),×) for some n. Replace A(Qp) by f
−1(Pn(Q
∗
p))
if necessary.
2.3 Algebraic groups with open dfg subgroups
The following Fact will be used later:
Fact 2.18. [10] Let X ⊆ Kn be open, definable and defined over Qp. Let X = Y1 ∪ Y2, where
the Yi are definable in K. Then one of the Yi contains an open Qp-definable subset.
Lemma 2.19. Let G be a definable group over Qp, H an algebraic group over Qp. If G ≤ H
is an open dfg subgroup, then for any algebraic subgroup A ⊆ G over Qp, if
G(Qp)/A(Qp) = {g/A(Qp)| g ∈ G(Qp)}
is infinite, then G(Qp)/A(Qp) is not definably compact.
Proof. Suppose for contradiction that C(Qp) = (G/A)(Qp) is definably compact as a quotient
space. Let pi : G(M) −→ C(M) be the projection. We see that G(Qp) acts on its quotient
space C(Qp) via g · pi(x) = pi(gx). We consider SC(M) as a G(M)-flow.
We firstly show that for any Qp-definable open subset O(M) of G(M), pi(O(M)) contains
an Qp-definable open subset of C(M). Take g ∈ O(M) such that dim(g/Qp) = dim(G). Then
we have g ∈ pi−1(pi(g)) and
dim(pi−1(pi(g))) = dim(gA) = dim(A).
So dim(g/Qp, pi(g)) ≤ dim(A), and thus
dim(pi(g)/Qp) = dim(g, pi(g)/Qp)− dim(g/Qp, pi(g)) ≥ dim(G)− dim(A).
As pi(g) ∈ pi(O(M)), we see that
dim(O(M)) ≥ dim(pi(g)/Qp) ≥ dim(G)− dim(A) = dim(H/A) ≥ dim(C).
So pi(O(M)) contains a Qp-definable open subset of C(M) as required.
We now claim that
Claim 1. SC(M) has a generic type. Moreover, every generic type is finitely satisfiable in Qp.
Proof. We first show that a generic definable subset X ⊆ C(M) contains a Qp-definable open
subset of C(M).
Since finitely many G(M)-translates of X covers C(M), there is g ∈ G(M) such that
g ·X contains a Qp-definable open subset U(M) by Fact 2.18. Without loss of generality, we
assume that pi(idG) ∈ U(M). Since every Qp-definable open neighborhood of idG contains a
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Qp-definable open compact subgroup of G(M), there is a Qp-definable open compact subgroup
D(M) ≤ G(M) such that pi(D(M)) ⊆ U(M). Since pi(D(M)) ⊆ C(M) contains a Qp-definable
open subset of C(M), pi(D(M)) is generic as C(Qp) is compact. SoD(M)A(M) is a Qp-definable
generic subset of G(M). Namely, there are g1, ..., gn ∈ G(Qp) such that
G(M) =
⋃
i≤n
giD(M)A(M).
Now D0 = D00 is the collection of all infinitesimals of G(M) over Qp, which is clearly a normal
subgroup of G(M). Let D(x, y) be the LQp-formula such that
M |= D(g, h) ⇐⇒ g ∈ h−1D(M)h.
Then the LQp-formula
E(x) := ∀y(G(y)→ D(x, y))
defines a normal subgroup E(M) of G(M) such that D0 ⊆ E(M) ⊆ D(M). By compactness, E
has finite index in D. As E(M) is normal, we see that E(M)A(M) is a Qp-definable subgroup
of G(M).
There is i ≤ n such that
g−1E(M)A(M) ∩ giD(M)A(M) 6= ∅.
Let d1, ..., dm ∈ D(Qp) such that D(M) =
⋃
j djE(M). Then there is j ≤ m such that
g−1E(M)A(M) ∩ gidjE(M)A(M) 6= ∅.
So gidjE(M)A(M) = g
−1E(M)A(M). Now pi(gidjE(M)A(M)) is a Qp-definable open subset
of C and
pi(gidjE(M)A(M)) = pi(g
−1E(M)A(M)) ⊆ pi(g−1D(M)A(M)) ⊆ g−1 · U(M) ⊆ X(M).
So X(M) contains a Qp-definable open subset of C(M) as required.
Since every generic definable set X(M) ⊆ C(M) contains a Qp-definable open subset of
C(M), we see from Fact 2.18 that X1 ∪X2 ⊆ C(M) is generic iff one of Xi is generic. So the
family of nongeneric definable subset of C(M) forms an ideal, and hence there is a generic
global type p ∈ SC(M). It is easy to see that every left translate of p is finitely satisfiable in
Qp.
Claim 2. For any definable f -generic p ∈ SG(M), pi(p) ∈ SC(M) is finitely satisfiable in Qp.
Proof. The projection pi : G(M) −→ C(M) can be extended naturally to a homomorphism
between G(M)-flows SG(M) and SC(M). Since p ∈ SG(M) is almost periodic, we see that
pi(p) ∈ SC(M) is almost periodic by Fact 1.2, and hence weakly generic. Since SC(M) has a
generic type, every weakly generic type is generic (see [14]), and hence finitely satisfiable in
Qp by Claim 1.
Now we take any definable f -generic type p ∈ SG(M), then pi(p) is both definable over Qp
and finitely satisfiable in Qp, which contradicts to distality of Th(Qp).
Remark 2.20. Note that if G ⊆ Mn and H ⊆ Mm are definable groups, G has dfg, and
f : G −→ H is a definable onto homomorphism. Then H has dfg.
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The follow Fact can be found in [24].
Fact 2.21. Let G(Qp) ⊆ GLn(Q
alg
p ) be a solvable linear algebraic group.
(i) Then G(Qp)/Gu(Qp) is a tours, where Gu(Qp) is the collection of all unipotent elements
of G(Qp).
(ii) Gu(Q
alg
p ) = G(Q
alg
p )u.
(iii) If G(Qp) is a linear solvable algebraic group spliting over Qp, then it is trigonalizable
over Qp.
Proposition 2.22. Let H(Qp) be a connected algebraic group over Qp. If H(Qp) contains an
open dfg subgroup G(Qp), then H(Qp) is linear solvable, and its torus splits over Qp.
Proof. The algebraic group H(Qp) admits a short exact sequence
1 −→ L(Qp) −→ H(Qp) −→ A(Qp) −→ 1
with L(Qp) a linear algebraic, and A(Qp) an abelian variety, hence definably compact. By
Lemma 2.19, G(Qp)/L(Qp) is either finite or noncompact. So A(Qp) is trivial and hence
H(Qp) is linear.
Let rad(H(Qp)) be the solvable radical of H(Qp). Let S(Qp) = H(Qp)/rad(H(Qp)). Then
G(Qp) rad(H(Qp))/ rad(H(Qp)) ∼= G(Qp)/ rad(H(Qp)) ∩G(Qp)
is an open dfg subgroup of S(Qp). Suppose that S(Qp) is nontrivial. Let B(Qp) be the Borel
subgroup of S(Qp). The S(Qp)/B(Qp) is compact. This contradicts Lemma 2.19. So H is
linear and solvable.
Let Hu be the maximal unipotent subgroup of H(Qp), and T = H(Qp)/Hu a torus. Then
T is an almost direct product of Tspl and Tan, where Tspl is Qp-split and Tan is anisotropic
(see [23]), and thus compact (see [25]). Now the quotient group
G¯ = G(Qp)/Hu ∩G(Qp)
is an open dfg group of T . Since T/Tspl is compact, By Lemma 2.19, T/Tspl is finite. Since
H is a connected algebraic group, T is also a connected algebraic group. So T = Tspl as
required.
By Fact 2.21, we conclude directly that
Corollary 2.23. Let H be a connected algebraic group over Qp. If H(Qp) contains an open
dfg subgroup G(Qp), then H(Qp) is trigonalizable over Qp.
2.4 dfg Groups and f-generic Types
Let A ⊆ Mn, B ⊆ Mm, C ⊆ Mk be definable groups over Qp, A ≤ B and pi : B −→ C such
that
1 −→ A
i
−→ B
pi
−→ C −→ 1
is a short exact sequence, where i : A −→ B is the inclusion map. Since Th(Qp) has definable
skolem functions (see [30]), let f : C −→ B be a definable section of pi. Every element b of B
can be written uniquely as f(pi(b))a for some a ∈ A.
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Lemma 2.24. Let notations be as above. Suppose that B and C are definably amenable, A
is central, and b ∈ B(M¯) such that tp(b/M) is an f -generic type. Then both tp(pi(b)/M) and
tp(a/M) are f -generic types of C and A respectively.
Proof. Since tp(b/M) is B00-invariant, we see that tp(pi(b)/M) is pi(B00)-invariant. Since
p¯i : B/B00 −→ C/pi(B00) induced by pi is an onto homomorphism. We see that pi(B00)
has bounded index in C. This conclude that tp(pi(b)/M) is an f -generic type of C and
pi(B00) = C00.
It is easy to see that A00 ⊆ B00 since A/A∩B00 ∼= AB00/B00 is bounded. For any a1 ∈ A
00,
we see that tp(a1b/M) = tp(b/M). So we have
tp((f(pi(a1b)))
−1a1b/M) = tp((f(pi(b)))
−1b/M) = tp(a/M).
As pi(a1b) = pi(b), we see that
tp((f(pi(a1b)))
−1a1b/M) = tp(a1(f(pi(b)))
−1b/M) = tp(a1a/M).
This concludes that tp(a/M) = tp(a1a/M) for all a1 ∈ A
00, and hence tp(a/M) is f -generic.
Lemma 2.25. Let notations be as above. Suppose that B has dfg, A is central. Then both A
and C has dfg
Proof. Let tp(b/M) be global an f -generic type definable over some small model M0. Then,
by Lemma 2.24, we see that both tp(pi(b)/M) and tp(a/M) are f -generic types of C and A
respectively, where a ∈ A(M¯) and b = f(pi(b))a. Clear tp(pi(b)/M) and tp(a/M) are is definable
over M0 and hence A and C has dfg.
Proposition 2.26. Let H ⊆ Qnp be an algebraic group over Qp and G an open dfg subgroup
of H over Qp. Then G has finite index.
Proof. Induction on dim(H). Clearly, the statement holds for dim(H) = 1 by Proposition
2.15. Now assuming that dim(H) > 1.
By Proposition 2.22, H is trigonalizable over Qp, and hence there is a short exact sequence
1 −→ A
i
−→ H
pi
−→ C −→ 1,
with A an 1-dimensional algebraic group central in H, and C an algebraic group of dimension
dim(H)− 1. Then
1 −→ A ∩G
i
−→ G
pi
−→ pi(G) −→ 1
is an induced short exact sequence. By Lemma 2.25, we see that both A ∩ G and pi(G) are
open dfg subgroups of A and C respectively. By induction hypothesis, both A ∩G and pi(G)
have finite index in A and C respectively. This concludes that G has finite index in H.
Corollary 2.27. Suppose that G1(Qp) ≤ G2(Qp) are dfg groups definable in Qp. if dim(G1(Qp)) =
dim(G2(Qp)), then G1(Qp) has finite index.
Proof. By Corollary 2.4, there is a finite index subgroup A(Qp) ≤ G2(Qp) and a finite subgroup
A0 ⊆ A(Qp) such that A(Qp)/A0 is isomorphic to a definable open subgroup of an algebraic
group H(Qp). Let f : A(Qp) −→ H(Qp) be the finite-to-one homomorphism with ker(f) = A0.
By Proposition 2.26, im(f) has finite index in H(Qp). Since G1(Qp) ∩ A has finite index in
G1(Qp), we see that G1(Qp)∩A has dfg. So the image f(G1(Qp)∩A) is an open dfg subgroup
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of H(Qp), and hence has finite index by Proposition 2.26. Therefore f(G1(Qp)∩A) has finite
index in im(f), and thus its preimage (G1(Qp)∩A)A0 has finite index in A. As A0 is finite, we
conclude that G1(Qp) ∩A has finite index in A. So G1 has finite index in G2 as required.
Question 2. Does every open dfg subgroup of an arbitrary definable group have finite index?
We now prove the following two structure theorem of dfg groups from Proposition 2.26:
Lemma 2.28. Let G be an open dfg subgroup of an algebraic group H ⊆ Qnp . Then there is
a normal sequence
{idG} = G0 ⊳ ... ⊳ Gi ⊳ Gi+1 ⊳ ... ⊳ Gn = G
such that Gi+1/Gi is isomorphic to an one dimensional dfg group over Qp.
Proof. Induction on dim(G). Clearly, the statement is trivial if dim(G) = 1. Now assuming
that dim(G) > 1. As we showed in Proposition 2.26, there is a short exact sequence
1 −→ A
i
−→ H
pi
−→ C −→ 1,
with A an one dimensional algebraic group central inH, and C an algebraic group of dimension
dim(H)−1. Both A∩G and pi(G) are open dfg subgroups of A and C respectively. By induction
hypothesis, there is a normal sequence
{idC} = D0 ⊳ ... ⊳ Di ⊳ Di+1 ⊳ ... ⊳ Dn = pi(G)
such that each Di+1/Di is definably isomorphic to an one dimensional dfg group over Qp. It
is easy to see that the normal sequence
{idG} ≤ G0 = G ∩A ⊳ ... ⊳ Gi+1 = G ∩ pi
−1(Di) ⊳ ... ⊳ Gn+1 = G
meets our requirements.
Theorem 2.29. Let G ⊆ Qnp be a groups definable over Qp with dfg. Then there is a normal
sequence
G0 ⊳ ... ⊳ Gi ⊳ Gi+1 ⊳ ... ⊳ Gn
such that G0 is finite, Gn is a finite index subgroup of G, and Gi+1/Gi is isomorphic to an
one dimensional dfg group over Qp.
Proof. By Corollary 2.4, there is a finite index subgroup A ≤ G and a finite subgroup A0 ⊆ A
such that A/A0 is isomorphic to a definable open subgroup of an algebraic group H ⊆ Q
n
p .
Let f : A −→ H be the finite-to-one homomorphism with ker(f) = A0. By Proposition 2.26,
im(f) has finite index in H. Moreover H is trigonalizable by Proposition 2.22.
Clearly, the statement is trivial if dim(G) = 1. Now assuming that dim(G) > 1. As we
showed in Proposition 2.26, there is a short exact sequence
1 −→ A
i
−→ H
pi
−→ C −→ 1,
with A an one dimensional algebraic group central inH, and C an algebraic group of dimension
dim(H) − 1. Both A ∩ im(f) and pi(im(f)) are open dfg subgroups of A and C respectively.
By Lemma 2.28, there is a normal sequence
{idC} = D0 ⊳ ... ⊳ Di ⊳ Di+1 ⊳ ... ⊳ Dn = pi(im(f))
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such that each Di+1/Di is definably isomorphic to an one dimensional dfg group over Qp. Let
Ei = pi
−1(Di) ∩ im(f). It is easy to see that Di = pi(Ei), thus Ei/A ∩ im(f) ∼= Di. So
Ei+1/Ei ∼=
(
Ei+1/A ∩ im(f)
)
/
(
Ei/A ∩ im(f)
)
∼= Di+1/Di
is definably isomorphic to an one dimensional dfg group over Qp. We conclude that
E0 ⊳ ... ⊳ Ei ⊳ Ei+1 ⊳ ... ⊳ En = im(f)
is a normal sequence such that E0 = A∩ im(f) and each Ei+1/Ei is definably isomorphic to a
one dimensional dfg group over Qp. Let G0 = A0 and Gi+1 = f
−1(Ei), we see that the normal
sequence
G0 ⊳ ... ⊳ Gi ⊳ Gi+1 ⊳ ... ⊳ Gn+1 = A
satisfies our requirement.
We now answer the Conjecture 1 in the p-adic case.
Fact 2.30. [31] Let H ⊆ Qnp be a trigonalizable algebraic group over Qp, N an elementary
extension of M = (Qp,+,×, 0). Then every f -generic type in SH(N) is almost periodic.
By Proposition 2.26 and Fact 2.30, we easily conclude that
Theorem 2.31. Suppose that G is a dfg group over Qp, N is an elementary extension of
M = (Qp,+,×, 0). Then every f -generic type of SG(N) is almost periodic.
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